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Introduction
Deformation quantization [4] is a formal deformation —in the sense of Murray
Gerstenhaber [18]— of the algebraic structure of the space of smooth functions
on a manifold M ; it yields at first order in the deformation parameter a
Poisson structure on M . When this Poisson structure is non-degenerate, i.e.
when the manifold is symplectic, deformation quantization at second order
yields a symplectic connection on M [22].
On a symplectic manifold (M,ω), symplectic connections always exist but
are not unique. The curvature R∇ of such a connection ∇ splits [23] under the
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action of the symplectic group, (when the dimension of M is at least 4), into
two irreducible components R∇ = E∇+W∇ with E∇ completely determined
by the Ricci tensor of the connection. A symplectic connection is said to be
of Ricci type if R∇ = E∇.
Marsden-Weinstein reduction, see e.g. [1, Sect. 4.3], is a method in sym-
plectic geometry to construct a symplectic manifold (M,ω) —called the re-
duced space— from a bigger one (P, µ) and the extra data of a coisotropic
submanifold C in P .
Under some further asumptions, one can sometimes reduce connections
[2,3], i.e. define a symplectic connection ∇M on M from a connection ∇P on
P . In particular, any Ricci-type connection on a simply connected 2n(≥ 4)
dimensional manifold can be obtained [11] by reduction from a flat connection
∇ on a 2n + 2 dimensional manifold P , with the coisotropic codimension 1
submanifold C defined by the zero set of a function F : P → R whose third
covariant derivative vanishes.
One way to describe the algebra of functions on the reduced space is the
use of BRST methods. Jim Stasheff participated actively to the development
of this point of view, see e.g. [17] among many others. Reduction of defor-
mation quantization has been studied by various authors [6, 8, 13, 14, 16, 20].
In particular, a quantized version of BRST methods was introduced in [8] to
construct reduction in deformation quantization. We use here those methods
to define a star product on any symplectic manifold endowed with a Ricci
type connection.
In this context we rely both on the work of Murray and on the work of
Jim and we are very happy and honoured to dedicate this to them.
In section 1, we recall some basic properties of Ricci type symplectic connections.
Section 2 introduces a natural differential operator of order 2 on a symplectic man-
ifold endowed with a symplectic connection. In section 3, we recall the expression
of the Weyl-Moyal star product on a symplectic manifold with a flat connection.
Section 4 explains the construction of reduced star product in our context where
the reduced space (M,ω) is a symplectic manifold of dimension 2n ≥ 4, endowed
with a Ricci-type connection, and where the big space (P, µ) is of dimension 2n+2
with a flat connection and the related Weyl-Moyal star product. In section 5, we
show some properties of the reduced star product, in particular that the connection
defined by the reduced star product is the Ricci type connection.
1 Preliminary Results on Ricci Type Connections
In this section we recall some basic properties of Ricci type symplectic con-
nections to explain our notation. We follow essentially [11, 12] and refer for
further details to the expository paper [5].
Let (M,ω) be a 2n ≥ 4-dimensional symplectic manifold which allows for
a Ricci type symplectic connection: this is a symplectic connection ∇M (i.e.
a linear torsion-free connection so that the symplectic 2-form ω is parallel)
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such that the curvature tensor R is entirely determined by its Ricci tensor
Ric. Precisely, for X,Y ∈ Γ∞(TM) we have
R(X,Y ) = −
1
2n+ 1
(
− 2ω(X,Y )̺− ̺(Y )⊗X♭
+ ̺(X)⊗ Y ♭ −X ⊗ (̺(Y ))♭ + Y ⊗ (̺(X))♭
)
, (1)
where X♭ = iX ω as usual and ̺ is the Ricci endomorphism defined by
Ric(X,Y ) = ω(X, ̺(Y )). (2)
It follows that there exists a vector field U ∈ Γ∞(TM), a function f ∈ C∞(M)
and a constant K such that the following identities hold
∇MX ̺ = −
1
2n+ 1
(
X ⊗ U♭ + U⊗X♭
)
, (3)
∇MX U = −
2n+ 1
2(n+ 1)
̺2X + fX, (4)
tr(̺2) +
4(n+ 1)
2n+ 1
f = K. (5)
One of the fundamental properties of such a Ricci type connection is that
(M,ω,∇M ) can be obtained from a Marsden-Weinstein reduction out of a
(2n+2)-dimensional symplectic manifold (P, µ) which is equipped with a flat
symplectic torsion-free connection ∇. In fact, we have to assume that M is
simply-connected; then by [11] there exists a (2n + 1)-dimensional manifold
Σ with a surjective submersion
π : Σ −→M (6)
together with a contact one-form α ∈ Γ∞(T ∗Σ), i.e. α ∧ (dα)n is nowhere
vanishing with π∗ω = dα, whose Reeb vector field Z ∈ Γ∞(TΣ), defined by
α(Z) = 1 and iZ dα = 0, has a flow such that (6) is the quotient onto the
orbit space with respect to this flow. This manifold Σ is constructed as the
holonomy bundle overM for a connection defined on an extension of the frame
bundle. It is a R or S1 principal bundle over M with connection one-form α.
Then we consider P = Σ × R with pr1 : P −→ Σ being the canonical
projection and ι : Σ −→ P being the embedding of Σ as Σ × {0}. The
coordinate along R is denoted by s and we set S = ∂∂s ∈ Γ
∞(TP ). On P one
has the following exact symplectic form
µ = d(espr∗1α) = e
sds ∧ pr∗1α+ e
sdpr∗1α. (7)
Thanks to the Cartesian product structure we can lift vector fields on Σ
canonically to P . In particular, the lift E of the Reeb vector field Z (defined
by ds(E) = 0 and Tpr1(E) = Z) turns out to be Hamiltonian E = −XH with
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H = es ∈ C∞(P ). (8)
We have
L S XH = 0, L S H = H, and L S µ = µ, (9)
whence in particular S is a conformally symplectic vector field. Moreover,
µ(XH , S) = H and we can rewrite µ as
µ = dH ∧ pr∗1α+Hpr
∗ω, (10)
where pr = π ◦ pr1 : P −→ M . Then (M,ω) is the (Marsden-Weinstein)
reduced phase space of (P, µ) with respect to the Hamiltonian flow of H at
momentum value H = 1, since indeed Σ = H−1({1}) and ι∗µ = π∗ω by (10).
Using the contact form α we can lift vector fields X ∈ Γ∞(TM) horizon-
tally to vector fields X ∈ Γ∞(TΣ) by the condition
Tπ ◦X = X ◦ π and α(X) = 0. (11)
Since dα = π∗ω we have [X,Y ] = [X,Y ] − π∗(ω(X,Y ))Z. Using also the
canonical lift to P , we can lift X ∈ Γ∞(TM) horizontally to Xhor ∈ Γ∞(TP ),
now subject to the conditions
Tpr ◦Xhor = X ◦ pr and pr∗1α(X
hor) = 0 = ds(Xhor). (12)
We have [
Xhor, Y hor
]
= [X,Y ]hor + pr∗(ω(X,Y ))XH (13)
as well as [
S,Xhor
]
= 0 =
[
XH , X
hor
]
. (14)
We shall speak of “invariance” always with respect to the flow of XH
(or Z on Σ, respectively) and of “homogeneity” always with respect to the
conformally symplectic vector field S, e.g. a differential operator D on P is
called homogeneous of degree k ∈ Z if [L S , D] = kD, etc.
Denote the Poisson tensor on M by ΛM and the one on P by ΛP , respec-
tively. We can also extend the horizontal lift to bivectors as usual. Since we
have curvature, ΛhorM is no longer a Poisson bivector, instead one finds
q
ΛhorM , Λ
hor
M
y
= −2ΛhorM ∧XH . (15)
From the Definition (7) of the symplectic 2-form µ on P , we have the relation
ΛP =
1
H
(
ΛhorM + S ∧XH
)
. (16)
In particular, for u, v ∈ C∞(M) we find for the Poisson brackets
{pr∗u, pr∗v}P =
1
H
pr∗{u, v}M . (17)
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We are now in the position to define the flat connection ∇ on P by speci-
fying it on horizontal lifts, on S and on XH . One defines [11]
∇XhorY
hor =
(
∇MX Y
)hor
+
1
2
pr∗(ω(X,Y ))XH + pr
∗(t(X,Y ))S, (18)
∇XhorXH = ∇XHX
hor = (τ(X))hor − pr∗(ω(X,V))S, (19)
∇XhorS = ∇SX
hor =
1
2
Xhor, (20)
∇XHXH = pr
∗φS − Vhor, (21)
∇XHS = ∇SXH =
1
2
XH , (22)
∇SS =
1
2
S, (23)
where we used the abbreviations
t =
1
n+ 1
Ric, (24)
V =
2
(n+ 1)(2n+ 1)
U, (25)
φ =
4
(n+ 1)(2n+ 1)
f, (26)
and τ is the endomorphism corresponding to t analogously to (2). In [11], the
following statement was obtained:
Theorem 1. By (18)–(23) a flat symplectic torsion-free connection ∇ is de-
fined on P and ∇ is invariant under XH and S. Moreover, the third sym-
metrized covariant derivative of H vanishes.
Recall that the operator of symmetrized covariant differentiation as a deriva-
tion of the symmetric tensor product D : Γ∞(SkT ∗P ) −→ Γ∞(Sk+1T ∗P ) is
defined by
(Dγ)(X1, . . . , Xk+1) =
k+1∑
ℓ=1
(∇Xℓγ) (X1, . . . ,
ℓ
∧, . . . , Xk+1), (27)
where X1, . . . , Xk+1 ∈ Γ
∞(TP ) and γ ∈ Γ∞(SkT ∗P ). Locally, D can be
written as
D = dxi ∨ ∇ ∂
∂xi
, (28)
where ∨ denotes the symmetrized tensor product. Then Theorem 1 means
D
3H = 0. (29)
Remark 1. The Ricci type connection on M is symmetric iff U = 0 in which
case f turns out to be constant). This particular case has been studied in
detail in [5].
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2 General Remarks on the Ricci Operator
Before discussing the star products on P and M , respectively, we introduce
the following second order differential operator on a symplectic manifold with
symplectic connection, which is also of independent interest. Let (M,ω) be
symplectic with a torsion-free symplectic connection ∇ (not necessarily of
Ricci type). Then the Ricci tensor Ric ∈ Γ∞(S2T ∗M) can be used to define a
‘Laplace’-like operator ∆Ric as follows: We denote by Ric♯ ∈ Γ∞(S2TM) the
symmetric bivector obtained from Ric under the musical isomorphism ♯ with
respect to ω.
Definition 1 (Ricci operator). The Ricci operator ∆Ric : C∞(M) −→
C∞(M) is defined by
∆Ric u =
1
2
〈
Ric♯,D2u
〉
, (30)
where 〈·, ·〉 denotes the natural pairing.
If locally we write Ric♯ = 12 Ric
ij ∂
∂xi ∨
∂
∂xj then
∆Ric u = Ricij
(
∂2u
∂xi∂xj
− Γ kij
∂u
∂xk
)
, (31)
where Γ kij are the local Christoffel symbols of ∇.
Since on a symplectic manifold we have a canonical volume form, the
Liouville form Ω, one can ask whether ∆Ric is a symmetric operator with
respect to the L2-inner product on C∞0 (M) induced by Ω: in general, this is
not the case. However, there is an easy way to correct this. We need to recall
some basic features of the global symbol calculus for differential operators on
manifolds with connection, see e.g. [9, 10].
We denote by (q, p) the canonical coordinates on T ∗U ⊆ T ∗M induced
by a local chart (U, x) of M . Then the standard-ordered quantization of a
function f ∈ Pol•(T ∗M) on the cotangent bundle π : T ∗M −→ M , which is
polynomial in the momenta, is defined by
̺Std(f)u =
∞∑
r=0
1
r!
(
~
i
)r
∂rf
∂pi1 · · · ∂pir
∣∣∣
p=0
is
(
∂
∂xi1
)
· · · is
(
∂
∂xir
)
1
r!
D
ru,
(32)
where u ∈ C∞(M) and is denotes the (symmetric) insertion map into the first
argument. Clearly, (32) is globally well-defined and does not depend on the
coordinates. The constant ~i can safely be set to 1 in our context; however, we
have included it for the sake of physical interpretation of ̺Std as a quantization
map. Then (32) gives a linear bijection ̺Std : Pol
•(T ∗M) −→ Diffop(M).
The symmetric algebra S•(TM) =
⊕∞
r=0 Γ
∞(SrTM) is canonically iso-
morphic to the polynomial functions Pol•(T ∗M) as graded associative alge-
bra via the “universal momentum map” J, determined by J(u) = π∗u and
Symplectic Connections of Ricci Type and Star Products 7
(J(X))(αq) = αq(X(q)) for u ∈ S
0(TM) = C∞(M) and X ∈ S1(TM) =
Γ∞(TM). Thus we can rephrase (30) as
∆Ric = −
2
~2
̺Std(J(Ric
♯)), (33)
whence ∆Ric is the standard-ordered quantization of the quadratic function
J(Ric♯) on T ∗M .
The standard-ordered quantization can be seen as a particular case of the
κ-ordered quantization which is obtained as follows. On C∞(T ∗M) one has a
Laplace operator ∆ arising from the pseudo-Riemannian metric g0, which is
defined by the natural pairing of the vertical and horizontal (with respect to
∇) subspaces of T (T ∗M). Locally, ∆ is given by
∆
∣∣∣
T∗U
=
∂2
∂qi∂pi
+ pkπ
∗(Γ kij)
∂2
∂pi∂pj
+ π∗(Γ iij)
∂
∂pj
. (34)
On polynomial functions ∆ is just the covariant divergence operator [10,
Eq. (111)], i.e.
∆J(T ) = J(div∇ T ) (35)
for T ∈ Sk(TM) where with α1, . . . , αk−1 ∈ Γ
∞(T ∗M)
(div∇ T )(α1, . . . , αk−1) = tr (X 7→ (∇XT )(·, α1, . . . , αk−1)) . (36)
Locally, div∇ = is(dx
i)∇ ∂
∂xi
. Using ∆, the κ-ordered quantization is defined
by [9]
̺κ(f) = ̺Std
(
e−iκ~∆f
)
, (37)
where in particular the Weyl-ordered case ̺Weyl = ̺κ=1/2 is of interest for us.
In general, we have for the formal adjoint of ̺κ(f) with respect to Ω
̺κ(f)
† = ̺κ
(
e−i~(1−2κ)∆f
)
(38)
whence ̺Weyl(f)
† = ̺Weyl(f). Thus ̺Weyl(J(Ric
♯)) gives a symmetric operator.
Explicitly, one finds using (35)
−
2
~2
̺κ(J(Ric
♯)) = ∆Ric+2κL div∇ Ric♯ +κ
2 div2∇(Ric
♯), (39)
since no higher order terms contribute thanks to Ric♯ ∈ S2(TM). Moreover,
κ2 div2∇(Ric
♯) is already a multiplication operator with a real function and
hence symmetric itself for all κ. For κ = 12 we have:
Lemma 1. The operator ∆Ric+L div∇ Ric♯ +
1
4 div
2
∇ Ric
♯ as well as the oper-
ator ∆Ric+L div∇ Ric♯ are symmetric.
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We conclude this section with the computation of the covariant divergences
of Ric♯ in the case of a Ricci type connection. In view of equation (3) and the
fact that ∇X commutes with ♯, we have :
∇X Ric
♯ = (∇X Ric)
♯ =
1
2n+ 1
(
X♭ ∨ U♭
)♯
=
1
2n+ 1
X ∨ U (40)
whence
div∇Ric
♯ = U. (41)
Moreover, from (4) and (5) we get
div2∇
(
Ric♯
)
= div∇ U = −
2n+ 1
2(n+ 1)
K + 2(n+ 1)f. (42)
We can also obtain from this the symmetric version of the Ricci operator,
according to Lemma 1.
3 The Weyl-Moyal Star Product
After this excursion on the Ricci operator, we are now back to the situation
of Section 1. On the big space P , the symplectic connection ∇ is flat. We have
thus a Weyl-Moyal star product on P , explicitly given by
f ⋆ g =
∞∑
r=0
1
r!
(ν
2
)r
Cr(f, g) (43)
for f, g ∈ C∞(P )[[ν]], where
Cr(f, g) =
〈
ΛP ⊗ · · · ⊗ ΛP ,
1
r!
D
rf ⊗
1
r!
D
rg
〉
(44)
and the natural pairing is done “over cross”. Locally we have
Cr(f, g) = Λ
i1j1
P · · ·Λ
irjr
P is
(
∂
∂xi1
)
· · · is
(
∂
∂xir
)
1
r!
D
rf
× is
(
∂
∂xj1
)
· · · is
(
∂
∂xjr
)
1
r!
D
rg. (45)
Since ∇ is flat ⋆ defines an associative law on the space of formal power series
in the parameter ν with coefficients in C∞(P ) [4]. The Cr are bidifferential
operators which are of order at most r in each argument, and satisfy the sym-
metry condition Cr(u, v) = (−1)
rCr(v, u). These properties are summarized
by saying that ⋆ is a natural star product of Weyl-type as.
We have now two derivations of ⋆: first it follows directly from the fact
that ∇ is S-invariant and L S ΛP = −ΛP that
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E = ν
∂
∂ν
+ L S (46)
is a ν-Euler derivation, i.e. a C-linear derivation of ⋆, see e.g. [21]. Second, we
consider the quasi-inner derivation 1ν ad(H). Since D
3H = 0, only the terms
of order ν1 and ν2 contribute. But thanks to the Weyl-type symmetry of ⋆,
only odd powers of ν occur in commutators, this is immediate from (45). Thus
we have
1
ν
ad(H)f =
1
ν
ν{H, f} = XH(f), (47)
which shows that XH is a quasi-inner derivation. With other words, ⋆ is
strongly invariant with respect to the (classical) momentum map H . This
strong invariance will allow us to use the phase space reduction also for ⋆ to
obtain a star product on M . To this end, we first note the following:
Lemma 2. There are unique bidifferential operators Cˆredr on M of order r in
each argument such that
pr∗u ⋆ pr∗v =
∞∑
r=0
1
r!
(ν
2
)r 1
Hr
pr∗Cˆredr (u, v). (48)
In particular, we have Cˆred1 (u, v) = 〈ΛM , du⊗ dv〉.
Proof. Clearly, HrCr(pr
∗u, pr∗v) is invariant under XH and homogeneous of
degree 0 under S, hence a pull-back of a function Cˆredr (u, v) ∈ C
∞(M) via
pr. This defines Cˆredr uniquely. The statement on the order of differentiation
is straightforward. Finally, Cˆred1 is obtained from (17). ⊓⊔
Remark 2. Though it seems tempting, the operators Cˆredr do not combine into
a star product on M directly: the prefactors Hr spoil the associativity as one
can show by a direct computation. Hence we will need a slightly more involved
reduction.
We will need the second order term of H ⋆ f with an arbitrary function
f ∈ C∞(P ). By the symmetry properties of (45) we know that C2(H, f) =
C2(f,H).
Proposition 1. Let f ∈ C∞(P ), then
C2(f,H) =
1
H
(
−
1
n+ 1
(
∆Ric
)hor
f −
1
2
L Vhor f − pr
∗(φ)L 2S f
+ (L Vhor L S +L S L Vhor) f +
1
2
L
2
XH f
)
.
(49)
where
(
∆Ric
)hor
f is the pairing of the horizontal lift of the 2-tensor RicM♯
with the second covariant derivative with respect to the flat connection ∇ on
P . Precisely, in a local chart, it is given by
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pr∗(RicM♯ij)[L ∂hori L ∂horj f − pr
∗(ΓMkij )L ∂hor
k
f +
1
n+ 1
pr∗RicMij L S f ].
(50)
Observe that RicM♯ij RicMij = − tr(ρ
2).
Proof. First we note that is(X)D
2f = 2∇Xdf by the very definition of D.
Thus using (16) we can compute C2(f, g) for f, g ∈ C
∞(P ) explicitly and get
C2(f, g) =
1
H2
(
pr∗
(
Λ
ij
redΛ
kl
red
)(
∇∂hor
k
df
)
(∂hori )
(
∇∂hor
l
dg
)
(∂horj )
+ pr∗
(
Λklred
) (
∇∂hor
k
df
)
(S)
(
∇∂hor
l
dg
)
(XH)
+ pr∗
(
Λklred
) (
∇∂hor
l
df
)
(XH)
(
∇∂hor
k
dg
)
(S)
+ pr∗
(
Λ
ij
red
)
(∇Sdf) (∂
hor
i ) (∇XHdg) (∂
hor
j )
+ pr∗
(
Λ
ij
red
)
(∇XHdf) (∂
hor
j ) (∇Sdg) (∂
hor
i )
+ (∇Sdf) (S) (∇XHdg) (XH) + (∇XHdf) (XH) (∇Sdg) (S)
− (∇Sdf) (XH) (∇XHdg) (S)− (∇XHdf) (S) (∇Sdg) (XH)
)
, (51)
where we have used local coordinates on M as well as the horizontal lift
according to (12). Next, one computes the second covariant derivatives of H
explicitly. One finds
(∇XhordH)
(
Y hor
)
= −pr∗(t(X,Y ))H, (52)
(∇XhordH) (XH) = pr
∗(ω(X,V))H = (∇XHdH)
(
Xhor
)
, (53)
(∇XhordH) (S) = 0 = (∇SdH)
(
Xhor
)
, (54)
(∇XHdH) (S) = 0 = (∇SdH) (XH) , (55)
(∇XHdH) (XH) = −pr
∗(φ)H and (∇SdH) (S) =
1
2
H, (56)
where we used dH(XH) = 0 and dH(S) = H as well as dH(X
hor) = 0
together with the explicit formulas (18) – (23). Putting things together gives
the result thanks to the local form (31) for ∆Ric and Ricij = ΛikMΛ
jl
M Rickl.
⊓⊔
Definition 2. For f ∈ C∞(P ) we define the second order differential operator
∆ by
∆f = C2(f,H). (57)
As we shall see in the next section, this operator will be crucial for the con-
struction of the reduced star product.
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4 Reduction of the Star Product
We come now to the reduction of ⋆. Here we follow essentially the BRST /
Koszul approach advocated in [8] which simplifies drastically thanks to the
codimension one reduction. Codimension one reductions have also been dis-
cussed by Glo¨ßner [19,20] and Fedosov [15], while the general case of reduction
for coisotropic constraint manifolds is discussed in [6,7,13,14]. We shall briefly
recall those aspects of [8] which are needed here.
We first consider the classical situation: the classical Koszul operator ∂ :
C∞(P ) −→ C∞(P ) is defined by
∂f = f(H − 1). (58)
Next we define the classical homotopy h : C∞(P ) −→ C∞(P ) by
hf =
{
1
H−1 (f − pr
∗
1ι
∗f) on P \ ι(Σ)
L S f on ι(Σ).
(59)
An easy argument shows that hf is actually smooth. Then we have the ho-
motopy formula
f = ∂hf + pr∗1ι
∗f (60)
for f ∈ C∞(P ) together with the properties
ι∗∂ = 0 and hpr∗1 = 0. (61)
Moreover, ∂, h, ι∗, and pr∗1 are equivariant with respect to the action of XH
on P and the Reeb vector field on Σ, respectively. The classical vanishing
ideal IΣ of Σ is given by
IΣ = ker ι
∗ = im ∂ (62)
by (60), and turns out to be a Poisson subalgebra of C∞(P ) asΣ is coisotropic.
Moreover,
BΣ =
{
f ∈ C∞(P )
∣∣ {f, IΣ} ⊆ IΣ} (63)
is the largest Poisson subalgebra of C∞(P ) such that IΣ ⊆ BΣ is a Poisson
ideal. It is well-known and easy to see that BΣ can also be characterized by
BΣ =
{
f ∈ C∞(P )
∣∣ ι∗f ∈ C∞(Σ)Z = π∗C∞(M)} (64)
from which it easily follows that the Poisson algebra BΣ
/
IΣ is isomorphic to
the Poisson algebra C∞(M) via ι∗ and π∗.
We shall now deform the above picture according to [8] where we only use
the ‘Koszul part’ of the BRST complex. First we define the quantum Koszul
operator ∂ : C∞(P )[[ν]] −→ C∞(P )[[ν]] by
∂ f = f ⋆ (H − 1). (65)
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We set
IΣ = im∂ =
{
f ∈ C∞(P )[[ν]]
∣∣ f = g ⋆ (H − 1)} , (66)
which is the left ideal generated by H − 1 with respect to ⋆. Next we consider
BΣ =
{
f ∈ C∞(P )[[ν]]
∣∣ [f,IΣ ]⋆ ⊆ IΣ} , (67)
which is the largest subalgebra of C∞(P )[[ν]] such that IΣ ⊆ BΣ is a two-
sided ideal, the so-called idealizer of IΣ . The following simple algebraic lemma
is at the core of Bordemann’s interpretation of the reduction procedure [6,7]:
Lemma 3. Let A be a unital k-algebra and I ⊆ A a left ideal. Let B ⊆ A
be the idealizer of I and Ared = B
/
I. Then the left A-module A
/
I becomes a
right Ared-module via [b] : [a] 7→ [ab] for [b] ∈ Ared and [a] ∈ A
/
I, such that
Ared
∼= EndA
(
A
/
I
)opp
. (68)
This way A
/
I becomes a (A,Ared)-bimodule.
In our situation, we want to show that C∞(P )[[ν]]
/
IΣ provides a defor-
mation of C∞(Σ) and BΣ
/
IΣ induces a star product ⋆red on M . This can
be done in great generality, in our situation the arguments simplify thanks to
the codimension one case.
We define the quantum homotopy
h = h (id+(∂−∂)h)
−1
(69)
and the quantum restriction map
ι
∗ = ι∗ (id+(∂−∂)h)
−1
, (70)
which are clearly well-defined since ∂−∂ is at least of order λ and thus
id+(∂−∂)h is invertible by a geometric series. From (60) we immediately
find
f = ∂ hf + pr∗1ι
∗f (71)
for all f ∈ C∞(P )[[ν]]. Moreover, we still have the relations
ι
∗pr∗1 = idC∞(Σ)[[ν]] and hpr
∗
1 = 0, (72)
as in the classical case. Finally, all maps are still equivariant with respect to
the flow of XH and Z, respectively.
Proposition 2. The functions C∞(Σ)[[ν]] becomes a left ⋆-module via
f • ψ = ι∗(f ⋆ pr∗1ψ). (73)
This module structure is isomorphic to the module structure of C∞(P )[[ν]]
/
IΣ
via pr∗1 and ι
∗.
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Proof. Since im∂ = ker ι∗ by (71), the quantum restriction map ι∗ induces a
linear bijection C∞(P )[[ν]]
/
IΣ −→ C
∞(Σ)[[ν]] whose inverse is induced by
pr∗1 by (72). Then (73) is just the pulled-back module structure. ⊓⊔
From the strong invariance of the star product ⋆ we obtain the following
characterization of BΣ :
Lemma 4. BΣ =
{
f ∈ C∞(P )[[ν]]
∣∣ ι∗f ∈ π∗C∞(M)[[ν]]}.
Proof. Indeed, on one hand we have Zι∗f = −νι∗ ad(H)f by equivariance
of ι∗. Since for f ∈ BΣ we have ad(H)f ∈ IΣ , this gives ι
∗f = 0 by (71).
Conversely, ι∗f = 0 implies ad(H)f ∈ IΣ and hence (H − 1) ⋆ f ∈ IΣ from
which IΣ ⋆ f ⊆ IΣ follows. But this implies f ∈ BΣ . ⊓⊔
Theorem 2. The quotient BΣ
/
IΣ is C[[ν]]-linearly isomorphic to C
∞(M)[[ν]]
via
C∞(M)[[ν]] ∋ u 7→ [pr∗u] ∈ BΣ
/
IΣ (74)
with inverse induced by
BΣ
/
IΣ ∋ [f ] 7→ ι
∗f ∈ π∗C∞(M)[[ν]]. (75)
This induces a deformed product ⋆red for C
∞(M)[[ν]] via
π∗(u ⋆red v) = ι
∗(pr∗u ⋆ pr∗v), (76)
which turns out to be a differential star product quantizing {·, ·}M . Finally,
the bimodule structure of C∞(Σ)[[ν]] according to Lemma 3 and Proposition 2
is given by
ψ • u = ι∗(pr∗1ψ ⋆ pr
∗u). (77)
Proof. For u ∈ C∞(M)[[ν]] we clearly have ι∗pr∗u = ι∗pr∗1π
∗u = π∗u ∈
π∗C∞(M)[[ν]] whence pr∗u ∈ BΣ by Lemma 4 and (74) is well-defined. Since
IΣ = ker ι
∗, by Lemma 4 it follows that (75) is well-defined and injective.
Clearly, (74) and (75) are mutually inverse by (72) whence ⋆red is an associa-
tive C[[ν]]-bilinear product for C∞(M)[[ν]]. It can be shown [8, Lem. 27] that
there exists a formal series S = id+
∑∞
r=1 ν
rSr of differential operators Sr on
P such that ι∗ = ι∗ ◦S, from which it easily follows that ⋆red is bidifferential.
Finally, computing the first orders of
u ⋆red v =
∞∑
r=0
1
r!
(ν
2
)r
Credr (u, v) (78)
explicitly gives Cred0 (u, v) = uv and C
red
1 (u, v) = {u, v}M , whence ⋆red is a
star product quantizing the correct Poisson bracket. The last statement is
clear by construction. ⊓⊔
Up to now we just followed the general reduction scheme from [8] which
simplifies for the codimension one case, see also [19,20]. Let us now bring our
more specific features into the game:
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Lemma 5. Let f ∈ C∞(P )XH [[ν]] be invariant. Then
(∂−∂)f =
ν2
8
∆f. (79)
The operator ∆ is invariant.
Proof. By invariance of f we only have the second order term in the right
multiplication by H−1, which was computed in Proposition 1. The invariance
of ∆ follows from the strong invariance of ⋆ by
XH(∆f) = XH
(
f ⋆ H −
ν
2
C1(f,H)− fH
)
=
1
ν
ad(H)(f ⋆ H) +
ν
2
XH(XH(f))−XH(f)H
=
1
ν
(ad(H)(f)) ⋆ H −
ν
2
C1(XH(f), H)−XH(f)H
= ∆(XH(f)).⊓⊔
Lemma 6. Let f ∈ C∞(P )XH [[ν]] be invariant. Then
ι
∗f = ι∗
(
id+
ν2
8
∆h
)−1
f. (80)
Proof. Since h and ∆ preserve invariance this follows by induction from the
last lemma. ⊓⊔
Proposition 3. Let u, v ∈ C∞(M)[[ν]]. Then u ⋆red v is determined by
π∗(u ⋆red v) = ι
∗
(
∞∑
r=0
νr
∑
2s+t=r
1
(−8)s2tt!
(∆h)
s
(
1
Ht
pr∗Cˆredt (u, v)
))
. (81)
Proof. This is a simple consequence of Lemma 6 together with Lemma 2. ⊓⊔
From this formula we see that we have to proceed in two steps in order to
compute the true bidifferential operators Credr out of the operators Cˆ
red
r : first
we have to control ∆ and h applied to functions of the form 1Ht pr
∗u. Second,
the application of ι∗ simply sets H = 1 and gives ι∗pr∗ = π∗, whence this
part can be considered to be trivial.
Lemma 7. Let u ∈ C∞(M) and k ∈ N. Then
h
(
1
Hk
pr∗u
)
= −
(
1
H
+ · · ·+
1
Hk
)
pr∗u. (82)
Proof. On P \ ι(Σ) we have from (59)
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h
(
1
Hk
pr∗u
)
=
1
H − 1
(
1
Hk
pr∗u− pr∗1ι
∗
(
1
Hk
pr∗u
))
=
1
H − 1
(
1
Hk
− 1
)
pr∗u
= −
(
1
H
+ · · ·+
1
Hk
)
pr∗u.
By continuity this extends also to ι(Σ). ⊓⊔
In particular, applying the homotopy h to a linear combination of functions
of the form 1
Hk
pr∗u gives again such a linear combination.
Lemma 8. Let u ∈ C∞(M) and k ∈ N. Then
∆
(
1
Hk
pr∗u
)
= −
1
n+ 1
1
Hk+1
pr∗
(
∆Ric u
+
4k + 1
2n+ 1
L U u+
k
n+ 1
tr(̺2)u+
4k2
2n+ 1
fu
)
.
(83)
Proof. This follows from L XH H = 0 = LXhor H and L S H = H together
with L Xhor pr
∗u = pr∗LX u and LXH pr
∗u = 0 = L S pr
∗u as well as
Proposition 1. ⊓⊔
Again, we see that applying ∆ to this particular class of functions re-
produces such linear combinations, though, of course, the combinatorics gets
involved. In contrast to (82), the function u is differentiated in (83).
Remark 3. From the above two lemmas the star product ⋆red can be computed
by Proposition 3 in all orders. However, the explicit evaluation of the iteration
(∆h)s seems to be tricky: the combinatorics gets quite involved, even in the
case, where ∇M is symmetric, i.e U = 0 and f = const , tr(̺2) = const . In this
particular case only the Ricci operator ∆Ric has to be applied successively
to the Cˆredr to produce the C
red
r , including, of course, still some non-trivial
combinatorics.
5 Properties of the Reduced Star Product
In this section we collect some further properties of the reduced star product.
Proposition 4. The star product ⋆red is of Weyl-type, i.e. the bidifferential
operators Credr satisfy
Credr (u, v) = C
red
r (u, v) (84)
and
Credr (u, v) = (−1)
rCredr (v, u). (85)
In particular, complex conjugation becomes a ∗-involution
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u ⋆red v = v ⋆red u, (86)
where ν = −ν by definition. Moreover, ⋆red is natural in the sense of [22], i.e.
Credr is a bidifferential operator of order r in each argument.
Proof. The operators Cˆredr clearly satisfy (84) and (85). From (78) it follows
that the operators Credr are real operators, i.e. they satisfy (84), since ∆ and
h are real. Moreover, by (81), only the operators Cˆredr−2s with 0 ≤ 2s ≤ r
contribute to Credr whence C
red
r also satisfy (85) as 2s is even. Then (86)
follows. Moreover, Cˆredr is a differential operator of order r in each argument.
Since the application of ∆h to 1
Hk
pr∗u by Lemma 7 and Lemma 8 gives a
second order differential operator on the part pr∗u, we conclude that Credr is
of order r in each argument, too. ⊓⊔
In a next step, we explicitly compute the second order term Cred2 of ⋆red.
According to [22], the second order term of a natural star product determines
uniquely a symplectic connection: in our case, we reproduce the Ricci type
connection ∇M .
Proposition 5. Let u, v ∈ C∞(M)[[ν]]. Then
Cred2 (u, v) =
〈
Λred ⊗ Λred,
1
2
D
2
Mu⊗
1
2
D
2
Mv
〉
+
2
n+ 1
〈
Ric♯, du⊗ dv
〉
. (87)
In particular, the symplectic connection determined by ⋆red is ∇
M .
Proof. From (81) we see that
π∗Cred2 (u, v) = 8ι
∗
( ∑
2s+t=2
1
(−8)s2tt!
(∆h)s
(
1
Ht
pr∗Cˆred2 (u, v)
))
= ι∗
(
1
H2
pr∗Cˆred2 (u, v)−∆hpr
∗Cˆred0 (u, v)
)
= π∗Cˆred2 (u, v),
since hpr∗ = 0 by the very definition (59) of h. Thus Cred2 = Cˆ
red
2 in this
order of ν. The corrections to the terms Cˆredr start only in order r ≥ 3. To
compute Cˆred2 we need the second covariant derivatives ∇dpr
∗u of pull-backs
pr∗u. Here we obtain
(∇Xhordpr
∗u)
(
Y hor
)
= pr∗
((
∇MX du
)
(Y )
)
, (88)
(∇Xhordpr
∗u) (XH) = −pr
∗ (du(τX)) = (∇XHdpr
∗u)
(
Xhor
)
, (89)
(∇Xhordpr
∗u) (S) = −
1
2
pr∗ (du(X)) = (∇Sdpr
∗u)
(
Xhor
)
, (90)
(∇XHdpr
∗u) (XH) = pr
∗ (du(V)) , (91)
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(∇XHdpr
∗u) (S) = (∇Sdpr
∗u) (XH) = (∇Sdpr
∗u) (S) = 0. (92)
Inserting this into the general expression (51) for C2 and using pr
∗Cˆred2 (u, v) =
H2C2(pr
∗u, pr∗v) gives the result (87). From this, the last statement follows
directly as the star product ⋆red is of Weyl type and the only second order
terms in Cred2 are described by using ∇
M , see [22, Prop. 3.1]. ⊓⊔
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